Let fÇzL p (E n ), lSp< co , E n being the w-dimensional Euclidean space, and let us consider an approximation process defined by means of a singular integral of Fourier convolution type Starting with relation (2) one wishes to establish some connections between the rapidity of the convergence in (2) and further properties of the function/. Here we only aim to discuss a special but nevertheless important case of this general approximation problem, namely the case of the best possible rate of approximation of nontrivial functions ƒ by the singular integral (1), and to determine the exact class F ol functions ƒ for which this optimal rate is precisely attained. This notion, the so-called saturation of the process (1), was first introduced by J. In discussing the saturation of the singular integral (1) further conditions must be known for the kernel. In following the welldeveloped one-dimensional theory [3] , [8] it turns out that the integral transform method, first introduced by one of the authors in e.g. [3] , [4] , is also an appropriate tool in the w-dimensional situation. This method works in a very similar fashion to that, with which certain initial or boundary value problems of differential equations may be solved by using e.g. the Laplace transform. If for l^p^2 one applies the w-dimensional Fourier transform to (1) one obtains, by the convolution theorem, a separation of the kernel and the particular function ƒ. So it seems to be reasonable to postulate further conditions upon the Fourier transform of the kernel. For this purpose, let ty(v) be a function, defined and continuous in E n with isolated zeros such that for all v tóew /ör £ = 1 tóere existe a bounded measure /x awd /or l</>^2 a function gÇzL p (E n ) such that
(c) 7/JAe kernel k(x\ f) iw addition satisfies (5) (iw case 1<£^2 we suppose that the v$ are absolutely continuous} then the representation (7) implies the approximation (6). Note that condition (i) is Cramer's criterion for the representation of a function as a Fourier-(Stieltjes) integral [5] . Condition (ii) is a new result also for the one-dimensional case. All proofs and further details will be published elsewhere.
As an application we will consider the singular integral of GaufiWeierstraC for fEL p Here the interchange of the order of integration is permissible by Fubini's theorem. Thus by the uniqueness theorem for Fourier transforms we obtain for every fixed t and almost all x
from which the approximation || W(f ; • ; /) -ƒ(• )||i = 0(t) immediately follows. We observe that the uniqueness theorem here takes the place of an inversion theorem, a fact which may be used to simplify the proofs of the one-dimensional case, too. Now the representation (9) may be regarded as a starting point in finding equivalent characterizations of the Favard class of (8) other than those given by Theorems 1 and 2. Summarizing we have
(b) The following relations are equivalent :
(i) Il W; -;0-/(-)||,=O(0 (<->0+);
(ii) for p = l there exists a bounded measure /x and for l<p<>2 a function g^L p Thus we see that for \<p S 2 the weak* and strong convergence of the functions {^" 1 [TV(/; x\ t)-f(x)]} are equivalent which indeed is a new contribution for the one-dimensional theory, too. Among the other examples which may be treated in an analogous way, we will here only mention that of Cauchy-Poisson. So far our explicit proofs of the direct part of the saturation theorems in fact avoid the condition (5) which is somewhat troublesome to verify in the applications, but they depend on the special structure of the singular integrals under consideration. In order to proceed to a more general situation we study the spherical means (10) of a function ƒ£L p (.E n ). Though they are not singular integrals of the form (1) we may nevertheless apply the same methods to prove that the saturation order of the approximation of ƒ by (10) Here J\(t) denotes the Bessel function of order X. The form (lib) indicates the important role which the integral (11a) plays in the summation of multiple Fourier series [7] . An elementary calculation shows that the condition (3) is fulfilled with <j>(R)~R~2 and yf/(v) = -av 2 and that we may apply Theorem 4 in case a>(n+3)/2 to obtain the same theorem for (11a) as Theorem 3 for (8) . Further results and applications as well as the detailed proofs of the cited theorems will appear elsewhere.
